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Abstract 



A normal field on a spacelike surface in R\ is called bi-normal if K v , the de- 
J> , terminant of Weingarten map associated with v, is zero. In this paper we give 

a relationship between the spacelike pseudo-planar surfaces and spacelike pseudo- 
umbilical surfaces, then study the bi-normal fields on spacelike ruled surfaces and 



spacelike surfaces of revolution. 



Introduction 



Let a : I — > R be a bi-regular parametric curve. A long this curve, the vector field 

H ■ 

defined by 

b = -{a! x a") 

| a' xa"| l ; 

is called the bi-normal field of a. A bi-normal vector can be seen as a direction whose the 
corresponding height function has a degenerate (non-Morse) critical point. 

Let M be a regular surface in M,\ (or IR 4 ) and f v be the height function on M associated 
with a direction v. By analogy with the case of curves in M 3 , a direction v is called a bi- 
normal direction of M at a point p if the height function f v has a degenerate singularity 
at p. The height function f v having a degenerate singularity means that its hessian is 
singular. 
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Given a normal field v on M and denoted by S u the shape operator associated with 
v. The z/-Gauss curvature K v of M is defined by K v = det S v . The eigenvalues k\ and fc^ 
of the shape operator S u are called z/-principal curvatures. The z^-mean curvature of M 
is defined by 

H u = ~ traceS" = ~(k% + k%). 

A point p G M is called z/- umbilic if = fc^p) = k and is called z/-flat if A^(p) = 

^(p) = 0. If there exists a normal field v on M such that M is z/-umbilic (//-flat) then M 
is called pseudo-umbilical (pseudo-flat) surface. M is called umbilic if it is z/-umbilic for 
all normal fields v. M is called maximal if H v = for all normal fields v. 

It is easy to show that u{jp) is bi-normal direction of M at p if det S u ^ = i.e. either 
k\(p) = or k%(p) = 0. Such a point is called z/-planar and a direction belonged to the 
kernel of S v ^ is said to be asymptotic. The normal field v of M is called bi-normal field 
if for each p G M, v(p) is bi-normal direction of M at p. If there exists a bi-normal field 
on M then M is called pseudo-planar surface, in the case each normal field is bi-normal 
M is called planar surface. For everything concerning to these notions in more detail, we 
refer the reader to [9], [S], [H], [H], [IS] and references therein. 

The existence of bi-normal direction on surfaces in M 4 has been studied by several 
authors (e.g. [I], [16], p2], [H], [H], [H], [22], . . . ). Little ([H], Theorem 1.3(b), 1969) 
showed that a surface whose all normal fields are bi-normal if and only if it is a ruled 
developable surface. In 1995, D.K.H. Mochida et. al Q16J, Corollary 4.3 repeated at [2"T] . 
(2010)) showed that a surface admitting two bi-normal fields if and only if it is strictly 
locally convex. These results was expanded to surfaces of codimension two in M n+2 by 
them [17] in 1999. These methods are used later by M.C. Romero- Fuster and F. Sanchez- 
Brigas ([19J, Theorem 3.4, 2002) to study the umbilicity of surfaces. 

The first section of this paper shows that there exist pseudo-planar surfaces are not 
pseudo-umbilic, defines the number of bi-normal fields on the pseudo-umbilical surfaces 
and gives some interesting corollaries. 

In the second of this paper we show that each point on the spacelike ruled surfaces 
admits either one or all bi-normal directions, a spacelike ruled surface is pseudo-umbilic 
iff umbilic. 

In the third section of this paper we show that the spacelike surfaces of revolution 
admit exactly two bi-normal fields whose asymptotic fields respectively are orthogonal. 
Therefore, they are pseudo-umbilic but not umbilic. 

The final section of this paper shows that the number of bi-normal fields on the 
rotational spacelike surface whose meridians lie in two-dimension space are depended on 
the properties of its meridian. 
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1 Bi-normal Fields on Pseudo-umbilical Surfaces 



For the surfaces in R 4 Romero Fuster [19] showed that pseudo-umbilical surfaces are 
pseudo-planar; moreover, their two asymptotic fields are orthogonal. These results are 
also true for spacelike surfaces in M.f, and I would like to show it here. Notice that there 
exist the pseudo-planar spacelike surfaces are not pseudo-umbilic, let see Example 1 1.2 1 and 
Example 11.31 We have the similar example for surfaces in M 4 . 

The following theorem shows that the pseudo-umbilical spacelike surfaces are pseudo- 
planar and gives us the number of bi-normal fields on them. 

Theorem 1.1. Let M be a spacelike surface in M 4 . If M is pseudo-umbilic (not pseudo- 
flat) then it admits either one or two bi-normal fields. Moreover, M admits only one 
bi-normal field iff it is umbilic. 

Proof. Suppose that M is zz-umbilic (not z/-flat). Let n be a normal field on M such 
that {X u , X^, v, n} is linearly independent and k is //-principal curvature. Given a normal 
field B, then we have the following interpretation 

B = \u + i^n, 

where A, \x are smooth functions on M. Suppose that the coefficients of the fist fundamental 
form of M satisfy 

gil = 922 = ¥,9l2 = 0, 

then we have 



S B 

Therefore, 



XS U + fiS n = \k 



1 









u 12 







1 




h n 
_ u 12 


h n 
°22_ 





^ + A A; 



w°\2 



K B = 7 2 - (^ 2 ) 2 ) + A 7 A; + + X 2 k 2 , 

K B = & 7 2 " (^i 2 ) 2 ) + (Zft + &£,) + X 2 k 2 = 0, 



[I) 



where 7 = -. Since v is not bi-normal, /J, ^ 0. Then the equation ([I]) can be rewrote by 



— + 6n + &22 — 

1 J 7 



0. 



(2) 



It is from 

(bn ~ b^f + 4(^ 2 ) 2 > (3) 

that the equation (J2J) has at least one or at most two solutions. That means M admits 
at least one or at most two bi-normal fields. 

M admits only one bi-normal field if and only if = b\\ and 6" 2 = 0. Which means 
that M is n-umbilic. Then the Lemma 4.1 in [2] shows that M is umbilic. □ 
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The following example gives a spacelike surface admitting one bi-normal field but not 
pseudo-umbilic. 

Example 1.2. Let M be a surface given by following parameterization 

X(u, v) = (cos it(l + v), sin it(l + v), sinh-u, cosh u) , ii,«Gi (4) 

The coefficients of the fist fundamental form of M are determined by 

g n = (X u , X u ) = v 2 + 2> 0, g n = (X u , X„) = 0, g 22 = (X v , X v ) = 1. 

Therefore, M is a spacelike surface. Let n = (n 1 ,n 2 , n 3 , n 4 ) be a normal field on M. That 
means 

(X u ,n) = 0<^ n 1 cosu + n 2 sinu = 0, (5) 
(X„,n) = <^ — n 1 sin u(l + u) + n 2 cos u(l + v) + n 3 cosh u — n 4 sinh w = 0. (6) 
Using (J5]) the coefficients of the second fundamental form associated with n are 

6^ = n 3 sinh u — n 4 cosh u, b\ 



'12 



We have 



So, 



-rai sin u + n 2 cos u, 622 = 0- 
det(K-) = (^ 2 ) 2 . 



= — n 1 sin-u + n 2 cosn = 0. 
Connecting (jSJ), ([6]) and (j7]) we imply that n is a bi-normal field on M if and only if 



(7) 



n 1 = n 2 = 0, n 3 cosh u — n 4 sinh m = 0. 



That means M admits only one bi-normal field 

B = (0, 0, sinh u, cosh u) . 
It is a unit timelike normal field. Since 



-1 




M is not B-flat. 

On the other hand the n-principal curvatures are the solutions of the following equation 



det - \{ 9ij )) = & (v 2 + 2)A 2 - A6fi - (&? 2 ) 2 = 0. 

; n-umbilic if and only if = &" 2 = 0. 
connecting (j5J), (jSJ) and (J7J). So, M is not pseudo-umbilic. 



Therefore, M is n-umbilic if and only if = b\ 2 = 0. Which doesn't take place, by 



Even when M admits two bi-normal fields, it is not pseudo-umbilic. Let see the 
following example. 

Example 1.3. Let M be a surface given by following parameterization 

X(u, v) = (e 2u cos v, e 2u sin v, e~ u cosh v, e~ u sinh v) , u > 1, i> G (0, 27r). 

It is easy to show that M is spacelike and {ni,n 2 } is a frame of the variable normal 
bundle, where 



ni 



(e "cosi;,e u sin v, 2e 2u cosh v, 2e 2u sinh v) 



n 2 



(— e "sinv,e u cos e 2M sinh v, e 2u cosh u) 



The coefficients of the second fundamental form associated with ri! and n 2 are 



/> ni — 
u u — 



, f 12 — u, u 2 2 



'011 



u ll — U, d 



3e n 



12 



, b% = 0. 



Therefore, both ni and n 2 are not bi-normal. Fore each normal field n on M we have the 
following interpretation 

n = ri! + fj,n 2 (8) 



and 



So 



^12 t>22 



K n = 



6S6g-|i 2 (6g) 2 



01 1022 

Since &11&22 > an< ^ ^12 7^ 0? ^ admits exactly two bi-normal fields. 

On the other hand the n-principal curvatures of M are solutions of the following 
equation 

det ((6g) - A(^)) = ^ 011022) A 2 + e"^ + ^ ) A + — - ^-JL = 0, (9) 



(2e Au - 7e~ 2u ) 2 + 3Qg u fi 2 > 0, V/x, 



/011 / 011 022 

where A is the variable. Since 

1 

0ii 

for each normal field n, M is not n-umbilic. It means that M is not pseudo-umbilic. 



Corollary 1.4. If M is umbilic then M is pseudo-flat. 

Corollary 1.5. Let M be a surface contained in the a pseudo-sphere (Hyperbolic or 
de Sitter). Then the following statements are equivalent. 

(1) M is umbilic, 

(2) M admits only one bi-normal field, 

(3) M is contained in a hyperplane. 

Corollary 1.6. The following statements are equivalent. 

(1) M is locally umbilic. 

(2) M is locally contained in the intersection of a Hyperbolic (or de Sitter) with a 
hyperplane. 

(3) M locally admits only one bi-normal field B and v-umbilic (not v-flat), for some 
normal field v. 

Corollary 1.7. If M admits only one bi-normal field B (not T5-flat) then it is not 
pseudo-umbilic. 

Remark 1.8. The results in [19] are also true for the spacelike surfaces in IR 4 . So that 
the following statements are equivalent: 

(1) M has two everywhere defined orthogonal asymptotic fields, 

(2) M is pseudo-umbilic, 

(3) The normal curvature of M vanishes at every point, 

(4) All points of M are semi-umbilic. 

2 Bi-normal Fields on Ruled Spacelike Surface in M.f 

The notion of ruled surface in R 4 have been introduced by Lane in [13J. It is similar to 
ruled (spacelike) surface in R 4 and can be introduced by the similar way. A surface M in 
1R 4 is called ruled if through every point of M there is a straight line that lies on M. We 
have a local parameterization of M 

X(u, t) = a (t) + uW{t), t e I c R, u e R, (10) 



6 



where a(t) is a differential curve in ~Rf and W(t) is a smooth vector field along a(t). 

A ruled surface M is called developable if its Gaussian curvature identifies zero. 

It is from X u = W(*),X t (0,*) = a'(t) and M is spacelike that both W(t) and a'{t) 
are spacelike. We can assume that \W\ = \a'\ = 1 and (W, a') =0. 

The coefficients of the first fundamental form of M are 

g u = (X„,X U ) = (a', a') +2t(a',W) + t 2 (W',W), 

g 12 = (X^,X t ) = 0, g 22 = (X t ,X t ) = l. 

Since M is spacelike, (W, W) > 0. 

Let n be a normal field on M, the coefficients of the second fundamental form associ- 
ated n are defined as following 

&?! = (X uu ,n) = (a",n) + t(V^' / ,n), = (X ut ,n) = (W,n), 

^ = (X tt ,n) = 0. 

Therefore, 

5 n = (^ ; ) '•(/'") = — 
fl'n 

So, 

K n = ^ b^ 2 ^ (W',n) = 0. (12) 

The following proposition gives us the number of bi-normal directions at each point on a 
ruled surface. 

Proposition 2.1. Let M be a ruled spacelike surface given by (TO) , we then have: 

1. at the point such that {a' ,W,W'} is linearly dependent each normal vector is bi- 
normal direction; 

2. at the point such that {a', W, W'} is linearly independent M admits only one bi- 
normal direction. 

3. M is pseudo-umbilic if and only if umbilic. 
Proof. 

1. Since 

(a',W) = 0, (W',W) = 

and {a 1 , W, W'} is linearly dependent, W € T P M. Therefore, by using (Tl2l) . we 
imply that each normal vector on M is bi-normal direction. 



b n 



b? 2 g n o 



12 I 



gu 
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2. Since 

f (n,X u )=0, f (n,c/} = 0, 

Xn = ^ < (n,X„) = 0, & I (n,W) = 0, 
[(n,W) = 0, [<n,W) = 0, 
n is an unit bi-normal direction if and only if 

_ a' AW AW' 
n ~ \a' AW A W'\ ' 

It is followed from the fact that a', W, W' are spacelike that the unique unit bi- 
normal direction on M is timelike. 

3. Since M admits only one bi-normal field, it is followed Theorem 11.11 that M is 
pseudo-umbilic iff umbilic. 

□ 

Remark 2.2. 1. The Proposition 12. II is also true for the ruled surfaces in R 4 . 

2. Using the Gauss equation we can show that the Gaussian curvature of a spacelike 
surface in M 4 can be defined by sum of K ei and K e2 , where {ei, e-i\ is an orthogonal 
frame of normal bundle of surface. Therefore, a ruled spacelike surface is developable 
iff {a', W, W'} is linearly dependent. 

3. Similarly the results on the surfaces in M 4 (see |14]). it is easy to show that if a 
spacelike surface M is planar and the causal character of its ellipse curvature (see 
[9]) is invariant then M is a ruled developable surface. 

Lane p2] showed that if a ruled surface in K 4 is minimal then it is contained in a 
hyperplane and of course it is either plane or helicoid. We have the same results for the 
maximal ruled spacelike surfaces in M.f. That means a ruled spacelike surface in M.f is 
maximal if and only if it is maximal in a spacelike hyperplane. 

3 Bi-normal Fields on Spacelike Surfaces of Revolu- 
tion 

Let C be a spacelike curve in spanjei, e 2 , e 4 } parametrized by arc-length, 

z ( u ) = (f(u),g(u),0, p(u)) , p(u) > 0, uel. 
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A, 



, v e 



The orbit of C under the action of the orthogonal transformations of Rf leaving the 
spacelike plane Oxy, 

"10 
10 
coshf sinh?; 
sinhv coshv 

is a surface given by 

[RH] X(it, v) = (/(«), g(u), p{u) sinhi>, p(u) coshw) , u<El, v G R. (13) 

The coefficients of the first fundamental form of [RH] are 

gn = (f'(u)) 2 + {g'{u)f - (p'(u)) 2 = 1, g 12 = 0, g 22 = (p(u)f > 0. 

It follows that [RH] is a spacelike surface, which is called the spacelike surface of revolution 
of hyperbolic type in Rf . From now on we always assume that /' ^ 0, g' ^ and p' ^ 0. 

Proposition 3.1. Suppose that f'g" - f'g' ^ 0, we then have: 

(a) [RH] admits exactly two bi-normal fields and its asymptotic fields are orthogonal, 

(b) There exists only one normal field v satisfying that [RH] is v-umbilic. 
Proof, (a) Let n = (jii, n 2 , n 3 , n$) be a normal field on M, we have 

(X u ,n) =0, (X„,n) = 0. 

That means 

n\f + n 2 g' + n 3 p' sinh v — n^p' cosh v = 0, p(n 3 cosh v — n 4 sinh v) = 0. (14) 
Since (fill), 



Therefore, 



b™ 2 = (X w , n) = p' (n 3 cosh i; — n 4 sinh u) = 0. 

u ll- w 22 



det (S 1 



(15) 



where 6" are the coefficients of the second fundamental form associated with n of [RH]. 
On the other hand we have 

(X u , X u ) = 1 =>• (X uu , X u ) = 0, 

(X a ,X„) = =>■ (X UU ,X„) = — (X U ,X W ) = 0. 
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So, {X u , Xy, X uu } is linearly independent. Therefore, 6^ = if and only if n is parallel 
to 

Bi = X M A X„ A X nu . 

It is easy to show that 622 = if and only if n is parallel to B 2 = (— g' , f, 0, 0). X„ then 
is asymptotic field associated with B 2 . 

Since f'g" — f"g' 7^ 0, B l5 B 2 are linearly independent. So, [RH] admits exactly two 
bi-normal fields. 

(b) Using base {X n ,Xt,} for tangent planes of [RH], we have 

f'g" -f'g' 


Therefore, [RH] is i^-umbilic, where v = Bi — B 2 . Remark 11.81 shows that the normal 
curvature of [RH] identifies zero, [RH] has two orthogonal asymptotic fields everywhere, 
and [RH] is semi-umbilic. □ 

Remark 3.2. 

(a) If f'g" — f'g' = then M is contained in a hyperplane. 

(b) It is similar to the spacelike surfaces of revolution of elliptic type. 

4 Bi-normal Fields on The Rotational Spacelike Sur- 
faces Whose Meridians Lie in Two-dimension planes 

Romero Fuster et. al [17] showed that there always an open region of a generic, compact 
2-manifold in M 4 all whose points admit at least one bi-normal direction and at most n 
of them. This result is not true in the general case. This section gives a class of spacelike 
surfaces whose points can admit non, one, two or infine bi-normal directions. It is similar 
to them on M 4 . 

Let C be a spacelike curve contained in spanjei, e 3 } and parametrized by 

r{u) = {f{u),0,g{u),0), uEl, 

and 

cos av 
sin av 

A = 






S 1 










-f'g" + f'g' 



- sin av 
cos av 

cosh j3v sinh f3v 

sinh (5v cosh f3v 



, v G [0, 2%) 
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such that 

a 2 f(u) - pg\u) > 0, 

be a orthogonal transformations of M.f, where u G J C K. and a, (3 are positive constants. 

The orbit of C under the action of the orthogonal transformations A is a surface [RS] 
given by 

X(w, i>) = (/(it) cos at), /(it) sin av, g(u) cosh /3i>, g(u) sinh /3t>) . (16) 
The coefficients of the first fundamental form of [RS] are 

gn = (ff + (g'Y > o, gi2 = o, g 22 = « 2 / 2 - /?V > o. 

That means [RS] is spacelike. It is called rotational spacelike surface whose meridians lie 
in two-dimension planes of type I. 

Choosing {ni,n 2 } is an orthonormal frame field on [RS], where 



1 



ni 



n 2 = 



vWTW 
i 



(g' cos av, g sin av, —f cosh (3v, —f sinh f3v) , 
(—f3g sin av, fig cos av, af sinh j3v, af cosh j3v) 



then the coefficients of the second fundamental form associated to ri! and n 2 are defined 
by 

f'g'-fg" , ni n m P 2 f'g + a 2 fg> 



h ni — 
u u — 



J,ni _ n ini _ 

, w 12 — U, d 22 — 



vW+W' 



v /«2 / 2 _ £2^2 

respectively. 

Let B be a normal field on [RS], we have 

B = Ari! + fj,n 2 , 
where A, fi are smooth functions on [RS]. Then we have 



llb\l A&2 2 



So, 



Therefore, 



K 



'12. 



((f) 2 + (g') 2 ) (« 2 / 2 -/?V) 



n 



(a) 112 is bi-normal if and only if / = eg, where c is constant satisfying a 2 — cf3 2 > 0. 
Then = 0. So, iii is also bi-normal. And it is easy to show that [RS] is a planar. 
That means [RS] is planar if and only if C is a line passing through the origin. 



(b) ri! is bi-normal if and only if either 

/ = eg + Cl or a 2 fg' + f3 2 f'g = 0, (17) 

where c, c\ are constant. In this case, if c\ ^ then [RS] admits only one bi-normal 
field that is ni. Therefore, [RS] admits only one bi-normal field if and only ri! is 
bi-normal and n 2 is not bi-normal. Which takes place if and only if (|T7|) is true and 
Ci 7^ 0. For example 

X(u, v) = (u cosv, u sin v, cosh v, sinh v) , u > 1, f e(0,27r). 



(c) [RS] does not admit any bi-normal field if and only if 

-(/V - f'g")W 2 f'9 + a 2 fg') < and af3(f'g - g'f ) ? 0. 

For example 

X(u,f) = (u 2 cos u, m 2 sin v, u cosh v, u sinh v) , u > 1, «6 (0,27r). 

(d) [RS] admits exactly two bi-normal fields if and only if 

-(/V - f'g")W 2 f'9 + o?fg') > and - g'/) ± 0. 

For example 

X(ti, v) = (e 2u cost, e 2u sin-y , e~ u coshf , e~ u smhv ) , u > 1, i>G(0,27r). 

It is similar to the rotational spacelike surfaces whose meridians lie in two-dimension 
planes of type II. This result is also true for the rotational surfaces whose meridians lie 
in two-dimension planes in M 4 . 
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